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Introduction
The material properties of polymer composites are largely dependent, in addition to the filler properties, on the interface area and intensity of intermolecular interaction between the filler and matrix. Graphene [1] , a two-dimensional single layer of carbon atoms, has attracted considerable attention due to its exceptional mechanical, thermal and electrical properties [2] [3] [4] .
It has an intrinsic tensile strength of 130 GPa and Young's modulus of about 1 TPa [2] that are comparable to carbon nanotubes (CNTs), and a specific surface area of up to 2630 m 2 g -1 which is much larger than that of CNTs [5] . These merits, together with nanoscale effects and interface chemistry, make graphene a novel and promising alternative to conventional fillers, such as carbon and glass fibres, in polymer composites [6] . As a consequence, nanocomposites reinforced with graphene and its derivatives have recently become an emerging area of extensive research efforts in advanced composite materials [7, 8] .
Numerous studies have demonstrated the significant reinforcing effects of graphene and its derivatives on the mechanical properties of polymer composites. Among those, Rafiee et al. [9] measured and compared the mechanical properties of epoxy nanocomposites reinforced with 0.1± 0.002 wt% graphene platelets (GPLs), single-walled carbon nanotubes (SWCNTs), and multi-walled carbon nanotubes (MWCNTs), respectively. Their results indicated that the Young's modulus, ultimate tensile strength and fracture toughness of the nanocomposites are significantly greater than those of the pristine epoxy and GPL nanofillers significantly outperform carbon nanotubes. Ji et al. [6] investigated the stiffening effect of graphene sheets on polymer nanocomposites using the Mori-Tanaka micromechanics method. They found that a low loading of graphene sheets can considerably increase the effective stiffness of the original matrix. Zhao et al. [10] reported that a 150% improvement of tensile strength and a nearly 10 times increase of Young's modulus are achieved for the graphene/PVA composite at a graphene content of 1.8 vol%. Bortz et al. [11] experimentally examined the fatigue life and fracture toughness of graphene oxide/epoxy composites. They observed an enhancement of 28~111% in model I fracture toughness and of up to 1580% in uniaxial tensile fatigue life by adding small amounts (≤ 1 wt%) of graphene oxide in an epoxy system. Yang et al. [12] demonstrated that MWCNT/multi-graphene platelet (MGP) hybrid nanofillers exhibit higher solubility and better compatibility than individual MWCNTs and MGPs and consequently further improve the mechanical properties and thermal conductivity of epoxy composites.
King et al. [13] measured the modulus of graphene nanoplatelet (GNP)/epoxy composites by using nanoindentation. They results showed that the tensile modulus increased from 2.72 GPa for the neat epoxy to 3.36 GPa by the addition of 6 wt% GNP, which agrees well with the prediction by the Halpin-Tsai model. Liu et al. [14] studied the mechanical properties of alumina ceramic composites reinforced with GPLs and suggested that the flexural strength of composites are considerably higher than that of monolithic ceramic samples. Wu and Drzal [15] discovered that the coefficient of thermal expansion of the polyetherimide composite can be reduced by the addition of GNPs. From the material manufacturing perspective, only a low percentage of nanofillers can be added to the polymer composites as an addition of high content of nanofillers are prone to agglomerate, which causes a poor dispersion of nanofillers in the matrix and consequently deteriorates the mechanical properties of nanocomposites [6, [16] [17] [18] .
Functionally graded materials (FGMs) are characterized by continuous and smooth variations in both composition and material properties in one or more direction(s). The material properties of FGMs can be tailored in accordance with the mechanical needs at different regions in various working conditions. In order to effectively make use of a low percentage of CNTs, Shen [19] applied the concept of FGM to polymer nanocomposites and found that the resulting mechanical properties can be further improved through a nonuniform distribution of CNTs in the polymer. Subsequently, the mechanical responses of functionally graded CNTreinforced composite (FG-CNTRC) structures have been extensively studied [20] [21] [22] . Compared to CNTs, graphene and its derivatives have a wide range of attractive advantages, such as a larger surface area, abundance in nature, and less expensive when synthesized in large scale [23] . In addition, graphene nanocomposites exhibit significantly higher modulus and strength than nanocomposites reinforced with the same amount of CNTs [9] . Owing to the mechanical advantages of high stiffness, high strength but low mass density, graphene nanocomposites show great potentials as lightweight and buckling-resistant structural elements in aeronautical and space industries [24] . Great effort has been directed towards the mechanical properties and fabrication of graphene nanocomposites. Nonetheless, research work on the mechanical responses of structures made of such nanocomposites is scarce.
A functionally graded GPL-reinforced composite (GPLRC) structure is ideal in combining the advantages of both FGMs and GPLs. The fabrication of such functionally graded structures with a continuous and smooth variation of GPLs across the thickness, however, is extremely difficult due to the constraint of manufacture technology. A functionally graded GPL reinforced multilayer nanocomposite structure in which each individual layer is made from a mixture of uniformly distributed GPL reinforcements and polymer matrix with GPL concentration incrementally varying layer by layer is much easier to fabricate. It is evident that such a multilayer structure is an excellent approximation to the ideal functionally graded structure with a continuous and smooth variation of GPLs across the thickness direction when the total number of layers is sufficiently large.
The buckling and postbuckling of functionally graded multilayer GPLRC beams resting on an elastic foundation are investigated in this paper. The Halpin-Tsai model is used to estimate the effective material properties of each individual GPLRC layer. The governing equations are derived based on the first-order shear deformation beam theory and von Kármán type nonlinearity. Numerical results are presented for multilayer GPLRC beams with different GPL distribution patterns to explore which distribution provides the best reinforcing effect on the buckling and postbuckling performance of nanocomposite beams. The effects of weight fraction, geometry and size of GPLs, foundation stiffness, slenderness ratio and boundary conditions are also discussed in detail.
Functionally graded multilayer GPLRC beam model
The beam under current consideration is composed of perfectly bonded GPLRC layers of the same thickness that are made from a mixture of an isotropic polymer matrix and GPLs. It is assumed that the GPLs are uniformly dispersed and randomly oriented in each layer but its weight fraction varies from layer to layer. Hence, each individual GPLRC layer is isotropic homogeneous. Shown in Fig.1 are the four distribution patterns of GPL nanofillers across the beam thickness. The darker colour represents more GPL contents in the layer. In the case of X-GPLRC, the surface layers are GPL rich while this is inversed in O-GPLRC where the middle layers are GPL rich. For the A-GPLRC, the GPL content gradually increases from the top layer to the bottom layer. As a special case, the GPL content is the same in each layer in a U-GPLRC beam. It is obvious that A-GPLRC is asymmetric while the other three distributions are symmetrical about the mid-plane (z = 0).
Functionally graded multilayer GPLRC beams with an even number of layers are considered in this paper. The volume fractions GPL V of the k th layer for the four distribution patterns shown in Fig. 1 are governed by U-GPLRC:
O-GPLRC:
A-GPLRC:
where k = 1, 2, …, N L and N L is the total number of layers of the beam. The total volume fraction of GPLs,
in which GPL W is GPL weight fraction; GPL ρ and m ρ are the mass densities of GPLs and the polymer matrix, respectively.
The elastic modulus of composites with randomly oriented fillers can be approximated by [25, 26] L T 3 5 ,
where L E and T E are the longitudinal and transverse moduli for a unidirectional lamina and can be calculated by the Halpin-Tsai model [27] :
in which f V is filler volume fraction. Combining Eqs. (6) and (7), the effective elastic modulus of the GPLRC can be obtained as follows
where parameters L η and T η take the following forms:
In the above equations, GPL E and m E are Young's moduli of the GPL and the matrix, respectively. The filler geometry factors L ξ and T ξ for GPLs are given by [27] ( ) ( )
in which GPL a , GPL b and GPL t are the length, width, and thickness of GPLs, respectively. Note
where GPL GPL a b and GPL GPL b t denote GPL aspect ratio and width-to-thickness ratio, respectively. According to the rule of mixture, Poisson's ratio is expressed as [28] m m GPL GPL
in which GPL ν and m ν are Poisson's ratios of the GPL and matrix, respectively.
Nonlinear governing equations
Consider a multilayer GPLRC beam of length L and total thickness h that consists of N L layers of equal thickness t resting on a two-parameter elastic foundation, as shown in Fig.2 . K w and K s are the Winkler stiffness and shearing layer stiffness of the foundation, respectively. Let U and W be the displacements of the beam along the x and z-axes, ψ be the midplane rotation of transverse normal about the y-axis. According to the first-order shear deformation beam theory, the displacement field of the beam takes the form of ( )
where U and W are the displacement components in the mid-plane (z = 0) of the beam. The von Kármán type nonlinear strain-displacement relations give
The governing equations can be derived using the principle of virtual displacements:
where the total virtual energy V that is comprised of the strain energy of the beam and the elastic potential energy of the foundation, and the virtual work p ϒ done by an applied compressive force P are given by
in which the reduced stiffnesses are given by ( )
In view of Eq. (14), substituting for V and p ϒ from Eqs. (16) and (17) into the virtual work statement in Eq. (15) and integrating through the thickness of the beam, we obtain
where the in-plane force x N , bending moment x M and transverse shear force x Q are calculated from 1 2
1 2
in which κ = 5/6 is the shear correction factor. 
The governing equations are obtained by setting the coefficients of U δ , W δ , and δψ in Eq.
(19) to zero separately:
( )
In the present analysis, the beam is either clamped or hinged at each end. The associated outof-plane boundary conditions are
Hinged (H):
Substituting Eqs. (20)- (22) into Eqs. (25)- (29), the governing equations and associated boundary conditions can be rewritten in terms of displacements: 
Clamped (C):
Hinged (H): U = 0, W = 0,
Solution procedure
By introducing the following dimensionless quantities: 
where 110 A is the value of 11 A of a homogeneous beam made from the pure matrix material, the governing equations (30)- (32) can be transformed into the dimensionless form as 
The associated boundary conditions can be handled in the same way:
Hinged (H): u = 0, w = 0, 
According to the differential quadrature (DQ) rule [29] [30] [31] , the displacement components C is the weighting coefficient of the j th derivative and can be calculated using recursive formula [32, 33] . N is the total number of gird points distributed along the ζ-axis according to a cosine pattern:
By applying relationship (41) to the dimensionless governing equations (36)- (38), one obtains the discretized governing equations: 
The associated boundary conditions (39) and (40) can also be discretized in the same way:
for clamped ends at ζ = 0 and 1, respectively, and 
for hinged ends at ζ = 0, 1.
Substitution of the associated boundary conditions (46)-(49) into the discretized governing equations (43)-(45) leads to a nonlinear algebraic system that governs the buckling and postbuckling behaviours of the beam resting on an elastic foundation as
[ ] 
Results and Discussion
Convergence studies are first conducted, and the results with varying numbers of grid points and layers are compared in Table 1 In order to validate the present formulation and solution procedure, the dimensionless critical buckling loads of carbon nanotube-reinforced composite (CNTRC) beams with and without an elastic foundation are calculated and compared in Table 2 with those from the literature. The material properties used in this example can be found in [35, 36] . As can be observed, our results are in good agreement with the existing ones. In addition, the compressive postbuckling equilibrium paths of six-layer unidirectional laminated beams with a length of 250 mm, width of 10 mm, and thickness of 1 mm are given in Fig. 3 SWCNTs and MWCNTs. This can be attributed to GPL's much higher specific surface area and two-dimensional geometry that significantly strengthen the interface between the GPLs and epoxy for effective stress transfer [6, 39] . Among the four distribution patterns in Fig.1 , pattern X yields the highest buckling load, followed by patterns U, A, and O, which indicates that distribution pattern X is capable of making the most effective use of the reinforcing nanofillers. Table 3 Dimensionless critical buckling loads of functionally graded multilayer composite beams re- The effect of GPL distribution pattern is further investigated in Table 4 where the dimensionless critical buckling loads are presented for functionally graded multilayer GPLRC beams with different GPL concentrations. It is observed that the buckling load increases as GPL content increases. This effect, however, tends to be less pronounced as the foundation stiffness increases. Table 5 Dimensionless critical buckling loads of functionally graded multilayer X-GPLRC beams with different slenderness ratios and boundary conditions (W GPL = 0.3%).
L/h (k w , k s ) = (0.00, 0.00) (k w , k s ) = (0.10, 0.02) Table 5 tabulates the critical buckling loads for X-GPLRC beams with different slenderness ratios and boundary conditions. The results show that the buckling load drops significantly with an increase in slenderness ratio. This effect becomes less pronounced for the H-H beam resting on an elastic foundation. As expected, the C-C beam has a higher resistance to buckling than the C-H and H-H beams. The effects of GPL geometry and size on the postbuckling load-deflection curves are investigated in Fig. 8 for functionally graded multilayer X-GPLRC beams. The GPL width-tothickness ratio is taken as GPL GPL b t = 10 3 in Fig. 8a and its aspect ratio is chosen to be GPL GPL a b = 4 in Fig. 8b , respectively. The postbuckling resistance increases with an increase in both GPL GPL a b and GPL GPL b t . This effect, as revealed in buckling analysis, is seen to be much less significant when GPL GPL a b > 4 and GPL GPL b t > 10
3
. It should also be noted that GPL width-tothickness ratio has a much more important influence on the postbuckling behaviour than the aspect ratio. 
Conclusions
The buckling and postbuckling of functionally graded multilayer GPLRC beams resting on an elastic foundation have been investigated on the basis of the first-order shear deformation theory. Dimensionless critical buckling loads and postbuckling equilibrium paths are given for multilayer GPLRC beams with different GPL distribution patterns. Numerical results
show that addition of a small amount of GPL nanofillers can significantly improve the buckling and postbuckling resistance of polymer composite beams. GPLs with a large surface area and containing fewer single graphene layers can provide better reinforcing effects, but when GPL aspect ratio and width-to-thickness ratio are larger than 4 and 10
